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Abstract

A method for constructing a mathematical model of the dynamics of a mechanical system is proposed. An algorithm is constructed
for determining the expressions for the control forces and the components of the constraint reactions. A modification is made to the
dynamic equations which enables one to solve the problem of stabilizing the constraints and which ensures the required accuracy
in the numerical solution of the corresponding system of differential-algebraic equations describing the constraints imposed on the
system, its kinematics and dynamics. By virtue of well-known dynamic analogies, the proposed method can be used to investigate
the dynamics of different physical systems. The problem of modelling the dynamics of an adaptive optical system with two degrees
of freedom is considered.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamic equations of a mechanical system can be constructed if we know its kinetic energy 70 = 79(4", ¢/,
q £ dg/dt (i, j =1,2,...,n), potential energy PO =P0_(q’,_t), dissipative function DY = DO(q‘_, q’ ) 1), the elementary
work of the generalized non-potential forces Q5 = Qs(q', ¢/, t) and the control forces Ry = Ry(¢', ¢/, 1) (s=1,2,...,n).

3A = 0.8q" + R.8q’ (1.1)

In equality (1.1) and henceforth, summation over repeated indices is assumed. Using well-known dynamical
analogies, " the corresponding reasoning can also be used for physical systems. The control forces R, acting on the
system are called upon to ensure that the constraint equations

Mg n =0, 9, +9,* =0, ff(q.d.n=0

H H 1.2
afs, a,fué%; u=1,...m p=m+l,..,r (1.2
q q

3,/ &

(5}

which are imposed on the generalized coordinates ¢’ and velocities ¢/ of the system are satisfied. The left-hand sides
of Eq. (1.2) are differentiable with respect to all the variables.
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The well-known classical methods for constructing the dynamic equations are based on the assumption that the
constraint equations are satisfied when t=1

Mao 1) = 0, 3,1"(qp 1)d + 0./ (q0: 1) = 0. f*(q0, G 1) = O

i o . (1.3)
q'(ty) = g0, 4’ (10) = 4o

and for all > 1. If, however, the initial conditions (the last two equalities of (1.3)) turn out to be such that
Mao 1) = ¢, 3,/ (q0 10)an + 3,/ (o o) = "™, a0, G0, 10) = TP

k= const, x =1,....m+r
then the numerical solution of the differential-algebraic equations composed of the kinematic equations, the dynamic
equations and the constraint equations turns out to be unstable, and the deviation from the constraint equations increases
with time. In order to stabilize the constraints (1.2), it is necessary to take account of the deviation from Eq. (1.2)
and to introduce a corresponding correction into the right-hand sides of the dynamic equations of the system.>* In
recent years, the problem of stabilizing the constraints and constructing stable difference schemes for solving the
differential-algebraic equations has become an urgent problem in modelling the dynamics of mechanical systems.>%
A method of constructing a mathematical model of the dynamics is proposed below and an algorithm for determining
the reactions of the constraints R, which ensure that the constraint Eq. (1.2) are satisfied, is constructed. A modification
is made to the dynamic equations which enables the problem of stabilizing the constraints to be solved and ensures the
required accuracy in the numerical solution of the system of differential-algebraic equations describing the constraints
imposed on the system, its kinematics and dynamics.

2. Construction of the dynamic equations

Additional parameters, the excess variables y*, y*, y°, which are henceforth labelled using letters from the Greek
alphabet, are introduced into the treatment in order to estimate the deviations from the constraint equations (1.2) by
means of the equalities

W=, M=o vt P = 1L 2.1
Taking account of these new variables, the kinematic state of the system corresponding to the mathematical model
will be determined by the generalized coordinates ¢', y* and the generalized velocities ¢', y* (k=1, ..., r). The

kinetic energy, potential energy and dissipative function will also contain the excess coordinates y* and velocities y*:
T =T, y*, ¢/, ), P=P(q", y*, ©) D = D(¢", y*, ¢/, ¥, t). It is assumed that the functions 7, P and D are at least
doubly differentiable with respect to all of the variables and that the conditions

T=T4) 9,T=0, 9T =0, 9#,T =0, 30T =0, 0T = ag(q)

. 2 . 2 . 2
o0.T = ==, aréa_T, 32rh T 5 A T 2 oA o°T

vi = T v d I = p aK =
a)-}l( B ayuayv [ ayua}-)vc n ayxayn

P=Pq,1), 9,P =0, 03P =k,(q\1)

0, i j 2 52 i o]
D =D (q’q]» H, oD =0, aKT]D = an(q,qj’ 1)
v=1..m, m=1,..,r

are satisfied when

=0 =0 22
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If the values of the variables y* and y* are sufficiently small: ||z|| < &, z = (y*, 3), then, on putting

0 1 S\ eloj
the functions 7, P and D can be represented by an expansion in series in the powers of y* and y*:
1 silj 1 oK 3
T = 5my(q)4'q +3ae(q)3 5" + T (2.4)
1 s
P = PUq" 1)+ 3k (q" 00y + PP 2.5)
0, s .k 1 ko K 3
D =D(q,§ 1) +50m(q 4,0y + p® (2.6)

Here, T3, P DO are the corresponding terms which contain the factors of y* and j* to powers of no less than three.
It is assumed that the coefficients m;;, ayy, kv, ccry and all of their partial derivatives are bounded in the domain €2 of
the change of variables ¢°, ¢/ and for all # > #g. The forces R correspond to the coordinates ¢* and are considered as
control forces which ensure that the equalities (2.1) are satisfied.

The d’Alembert - Lagrange principle

€8q +€,,0y =0

& E(T)+9,P+0,D-Q,- R,

%,
Gpox 2 E(T)+0P+0D-0,—R 2.7)

X

A

E(T) 2 Oy -3T, ExD) & O,1y-a,1, @1y 2 29T §ry2 49T

49T
d t a qi’
can be used for the construction of the system of differential equations which corresponds to the expressions (2.4)—(2.6)
which have been adopted for the functions 7, P and D.

If the variations in the excess variables 8y* are determined from the last two equations of (2.2) according to the rule

8y = 0°8¢"; 9" = 9.f", 93" = o f° 2.8)

then the possible displacements 8¢’ of the system must be determined by the solution of the system of r linear algebraic
equations (2.8) in the n unknowns.
The general solution of system (2.8) consists of two terms:

8q' = v'os+ 8y~ 2.9)
The first term corresponds to a direction which is tangential to the manifold ® in phase space, defined by Eq. (2.1) in
the case of fixed values of the variables y* and y°. The quantity ' is the corresponding component of the vector product
v = [FC] of a row of the matrix F = (f¥), f€£9; f and a row of an arbitrary matrix C = (cf) B=r+2,...,n),
and s is an arbitrarily small quantity. The component v' is calculated as the determinant of the matrix formed by the
unit vector (8%, ..., 8,), (S’j = 0,i # j, 8; = 1) and the rows of the matrices F and C. The second term corresponds to

a direction which is normal to the manifold ®. The coefficients £V constitute the matrix F* = FT(FFT)~!, where F"
is the transpose of the matrix F.

The magnitude of the elementary work of the generalized control forces, when account is taken of expression (2.9)
for the virtual displacements of the system, is given by the sum

Rdq' = R8s+ R,fV'8y" (2.10)

X

If the control forces R; are chosen from the set of functions satisfying the equality

RV =0 @2.11)
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then expression (2.10) takes the form
Rdq = A.5y" 2.12)

Actually, in this case, R; v is the scalar (composite) product {RFC} = RT[FC] of the vector R and the vectors constituting
the rows of the matrices F and C. The quantity {RFC?} is calculated as the determinant which is obtained by replacing
the first row of the determinant v’ by the components Ry, . . ., R, of the vector R. If equality (2.11) is possible for any
matrix C, then the first 7+ 1 rows of the determinant {RFC} must be linearly dependent. This means that the vector
R=FT\ is a linear combination of the row of the matrix F with arbitrary coefficients A1, ..., A, : R = f{A.. This
representation of the vector R of the control forces when y* =0, y* = 0 corresponds to the reaction of ideal constraints
in classical mechanics.

Taking equalities (2.9) and (2.12) into account, the expression for the d’Alembert - Lagrange principle (2.7) takes
the form

(V85 + 8y ) A, 8y +6,, Sy = 0 2.13)

As a consequence of the independence of the variations 8s and 8y*, condition (2.13) in only satisfied when the following
equalities hold

g0 =0, €f - +%,,. =0 (2.14)

Since the first equality of (2.14) is analogous to condition (2.11), such sets A" exist for which the following equality
is satisfied

€ = filk (2.15)
Using relations (2.15) and f} fﬁ)i = &;,, it can be concluded from the second equality of (2.14) that 1} = A, and

nex = 0 (2.16)

Taking account of the notation adopted, equalities (2.15) and (2.16) can be represented in the form of a system of
Lagrange equations

(0T) -0,T = —-9,P-9,D+Q;+ fAe, (0.T)-93.T =—-0.P—0.D 2.17)

The system of differential-algebraic Egs. (2.1), (2.17) enables us to determine the unknowns ¢, ¢/, y*, ¥, A,.. The
solution of this system reduces to the expression of the coefficients A and the excess variables y* and y* in terms
of the generalized coordinates and velocities ¢', ¢/ and integration of the first system of Eq. (2.17) in the case of the
specified initial conditions (1.3).

The expressions for \ are determined if Eq. (2.17) are represented in a form which is resolved with reference to §'
and y*. Taking account of expressions (2.4)—(2.6), we can write system (2.17) in the form

) WM

wk . 2
myq = mi+f:'(7\'lc_mi ’ axny _bxnyn_kxnyv_%ﬁl-zx (218)
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where

jek 0 0 1/(0m; omy Odm
mi=Qi—Yi,jkqjq -P;-D;, Yi,jk=§(—k]+_j——]i)
dq dq dq

m®

1 ! K. 3
E((aiam + aicKn)yKy" + aikuvy“yv) + %f )

€ = (1) +0,P” + 0.0

(3)

2) (3) 5 n3)
€ =E,,(T"")+0.P  +0.DD

n+x

3 i
0P = 05 by = 0,8 + ey

Denoting the matrices which are the inverses of (m;s) and ax by (mki) and (ag") (&=1, ..., r) respectively, the system
of Eq. (2.18) can be represented in a form which is resolved with reference to the higher derivatives:

k(2)

5" = mk+ka7\’K+m (2.19)
€ = b:)'fn+kﬁy”+ Y@ (2.20)
Here,
mk _ mkimi, ka _ mkiaifk’ mk(Z) _ _mkimEZ)’ b: _ _a‘(éb&n’ k: _ —amknu o)

PO _ M)

n+mn

3. Determination of the control actions

Expressions for the generalized control forces were constructed in the form R; = 9;f\ in Section 2. Equalities (2.1)
have to be differentiated in order to determine the coefficients A, and we obtain

5 = 0" + g 4

1]

he = 0 ft, k= 0"

akju = azifuq.i + alftfu’ atju = aiztfuqi + atztf“ (31)

i
aqkaqi

E A

= 0uf, hi =0,f°

Substituting the values of the generalized accelerations ¢* and 3 from (2.19) and (2.20) into equality (3.1) we obtain
a system of linear algebraic equations for determining the Lagrange multipliers A

M, = 1I°

lKT] - akfxfkn, lnc - lK(0)+lK(1)+lK(2) (3.2)

lK(O) - _ akflcmk _ h:qk _ hzc’ lK(l) - b:).]n + k:yu’ lK(Z) - YK(Z) _ akfxmk(Z)
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The solution of system (3.2) can be represented in the form of a sum of three terms, distributed in powers of the
variables y* and y*:

0, 4 () 42
A = Ao+ AT+ A
LY

(0) (0) (N 1) 2) _ (2).
A = 1, "0 A = 1 MY AP = P = 8

With this choice of the coefficients A, which are distributed in powers of the variables y* and y*, equalities (1.2) are
satisfied along the solutions ¢* = ¢*(¢) of the differential dynamic equations of the system

wk ke (1) . k(2)
G =p +f N +g

k ko kka (0)  K(2) K2) | kkn (0) (3.3)
p =m+f A, q =m T+ A

provided that they were satisfied for the initial conditions (1.3).

4. Stability

A necessary condition for the constraints (1.2) to be stable is the asymptotic stability of the corresponding integral
manifold of system (3.3). We will represent Egs. (3.3) and (2.20) in the form of systems of first-order differential
equations in the variables ¢', ¢’/ and y*, y'*

sk _ q,k, é,k _ pk+fk'<7»$<1)+qk(2)

P =0 a0, =G qh .1
A = a0 ¢y, 6P = ¢ g Yy

=t 3T = by e ky Y

by = by(qsa’s 0, Ky = K(g, g’ 0, Y'Y = ¥, g’ Yy 0 -
W= Mo, Yt =0 ot v = gl 4.3)

By virtue of equalities (4.3), the stability of the integral manifold (1.2) in the new variables can be treated as stability
with respect to a part of the variables’ of the system of equations (4.1) and (4.2). If, in the space of the variables ¢’ and
q”, the distance up to the integral manifold (1.2) is determined by the quantity

m+r) n n m+K K

1
lzl, z=1(z,...2" "), 2" =", =z

then the stability of the manifold (1.2) can be judged from the stability properties of the trivial solution y* =0, y* =0
of system (4.2). The method of Lyapunov functions® can be used to investigate the stability of the trivial solution. If
the function V = V(¢*, "7, y*, ¥, 1), V(¢*. 4"/, 7.0,0, t) = 0 is positive definite with respect to the variables y* and
y'*, thatis V(¢*, ¢/, y*, v i ,1) > 0 when y*8,,,y" + Y*“8vy’" > 0,1 > 1o, and its derivative

k(2)

V=09,Vq' +a,vp*+ 0, vyt + o v AL + 0 vy P 1 9,vg P 1o, v
ava gyadl 5yadVogya dV gy, a0V
aq' ay" * Iy ot

calculated on the basis of Egs. (4.1) and (4.2), is a negative definite function, and the functions V, y* and y'* allow of
an infinitesimal upper limit,3 then the integral manifold (1.2) of system (4.1) is asymptotically stable.
The positive definite quadratic form in the variables y* and y'*

2V = uwy”yv + 21)pKy”y'K + wKny'Ky'n (4.4)

can be used as the Lyapunov function.
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The coefficients u,,,, vy and wy, of the form (4.4) are assumed to be continuous, differentiable, bounded functions
of the variables ¢', ¢" and t over the whole domain of their variation

i i LY
ciSu(g,q9°,02¢, ¢;S0,(g,9",1)Sc,, ¢ Swql(g,q",1)<c,

The derivative of the function (4.4) reduces to the form
:(3)

V= uu\,y y +vuKy y' +wmy y +V 4.5)
2uy, = akuuvq'k+a}(uuvmk+a u +2qukv (4.6)
' k '
Vi = Uy 0, Vg + 0,0, m +8,vw<+ Vynby + kywy 4.7
' k ' k
2Win = 20y + O Wyen g + QWi +8,wm+2w,<§bf’]
< 4.8)
Upe =0, V=0, k, =0, x>m
VO = Vi f (Y + B2 + (00" + wyy™ Y™
4.9

2V;c = a;cuuvyuyv + za;va“y"‘ + a;cwkny"cy'n
In the case when

Atyy = 0, v,y =0, dw,, =0, T =0, PP =0 DV =0

the equality V@ = 0 is satisfied as a consequence of relations (2.21) and (4.9), and expressions (4.6)—(4.8) take the
form

' k
2uy, = duy,q" +0,uy, +21)uKkv

' _ Wk n
Uy = Uy + 04 Vyq" + 0,0+ Uy by x W
2wy, = 20, +0 *+9 +2w b

Wgn = KN kwncnq tWxn WOy

If, in expressions (2.4)~(2.6) for 7, P and D, the coefficients m;;, awy, kyy and ciy are constant and T3 =0, P® =0,
D@ =0, then Y<® =0 and system (4.2) consists of linear differential equations with constant coefficients. In this case,
the stability of its trivial solution can be judged from the roots of the characteristic equation det(u?8, — uby — ki) = 0

5. Numerical solution

For all > ), the solution of the dynamic equations of system (4.1) satisfies the equalities
a0 =0, g +a " =0, fd.q’n=0 (5.1)

if these equalities are satisfied when 7 =1y. Stabilization of the constraints (5.1) during the numerical solution of system
(4.1) can be achieved by an appropriate choice of the coefficients b‘,‘] and kj; on the right-hand sides of the equations
for the perturbations of the constraints (4.2). The conditions which are sufficient for stabilizing the constraints (5.1)
are determined constructing a difference equation which is used for its solution.

Suppose

Ag'(s) = g'(s+1)=¢'(s), ¢'(s) = q'(ty+1Ts), T = const
4'(0) = g, g'(s+1) = ¢'(s) +14"(s)

§'0) = gy, g'(s+1) = ¢'(5) +1(p'(s) + £ (A ()
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If, when =1y + 7s, the function
V(s) = V(q'(s), q"(s), y'(5), ¥y (5), 5)

is used to estimate the deviation of the solutions of system (4.1) from the manifold specified by the constraint Eq. (5.1),
the quantity V(s+1) can be defined by the expansion in series

V(s+1) = V() +9,V(s)Aq'(s) +3)(s)Ag” (s) +
= 52
+3,V(5)Ay"(5) + 9, V()Ay™(s) + 13,V (5) + V'V (5) 62

where V@ (s) is the set of terms no lower than the second order in the variables Aqi (5), A J (s), Ay*(s), Ay™(s) and
7. The increments Ay*(s) and Ay’*(s) are defined by the equalities

Ay (s) = (), AY™(s) = T(by(s)y"(s) + ky(s)y"(s)) (5.3)
Taking relations (4.1), (4.2) and (5.3) into account, expression (5.2) reduces to the form

V(s+1) = V(s)+1V(s)+ V(s)

V(s) = V() =13,V (s)g' P (s) + V() Y (5.4)

(2))
On estimating the right-hand side of equality (5.4), it is possible to formulate the following assertions.

Theorem 1. [f the initial values of q? and ¢ (j) satisfy the condition

sl <& 20 = Gzl ™)
i W, i m+ [ W, i 14 w, i m+p p, i (-5
o = f (g0 1), 2 = 0, f (g0 1)y +9,.f (4o to)» 2 = (490 99> %)
and the restrictions
Lz)I*<V(s), Vi) +tV(s) Salyllz(o)I’, V(s)<(1-o)le’
2(0) =25, ;,>0, O<oax<l1
are satisfied for all s=0, 1, ..., S, then the inequality
lz(s)l <e (5.6)

will hold for all s=1, ..., S.
The proof of the theorem follows immediately from relations (5.4)—(5.6). Actually, if, in satisfying the conditions of
the theorem, inequality (5.6) holds for a certain value of s, then

lz(s + 1)||2 < llV(s +1) = ll(V(s) + TV(S) + f/(s))S
1 I
<olz@)*+(1-a)e’ <o’ +(1-a)e’ = €

Theorem 2. If the initial values satisfy condition (5.5) and the restrictions

LizIZ < Vis) < Llz)?, Vis) <=Lz, Vis)<(1-a)l,e

5.7
t<h<al +tl, [,21,>0, O<a<l

are satisfied for all s=0, 1, .. ., S, then inequality (5.6) will be satisfied for any s=1, ..., S.
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In fact, if condition (5.6) is true for a certain value of s, it follows from relations (5.4) and (5.7) that

lz(s + DI* < %V(s +1)< zl—l(lzllz(s)ll2 —tlz(s)]) + V(s5))<

< ll((kz—‘cl')e:2+(1—oc)ll.ez)S(>u~:2+(l—oc)s2 =g
1

Theorem 3. If the function V = V(q', q' i/, yH, ¥, t) and its derivative V, calculated using the system of equations
(4.1), (4.2), satisfies the conditions

V=opV, p>0, Llzs)><V(s) <L)l

and the restrictions
l -
[0l Se/\/;—l, O<l-tp<l-o<l, V(s)<al
2

are satisfied, then inequality (5.6) will be satisfied for any s=1,2, ..., S.
Actually, in this case,

Vis+1) = (1-tp)V(s) + V(s)
and the inequalities

V(s+1) < (1-a)V(s) + ol |zo]” < (1 - o) V(s) + aV(0)
mean that V(s) < V(0). Consequently,

1 1 !
2 < 1-V(s) € 1V(0) < Fzg] <&
1 1 1

If the values of the Lyapunov function and its derivative of the form of (4.4), (4.5)
2V(s) = 8, 2" (9)2°(s), V(s)

g;“zx(s)zg(s) +VP o=, mr

where

1 1 ]
= Wi 8uv T Upys 8ux T U 8nx = Wik

8uv = Upys 8ux = VUpeo 8nx
are used as V (s), then the conditions for stabilizing the constraints are given by the following theorem.
Theorem 4. If the initial values satisfy condition (5.5), V(s) < (1 — )l &% and the restrictions
(D@D ($) 220 25, Ze () ()2°(5) 2 a z(o)]

28y = &y¢t 218;{@

are satisfied for all s=0, 1, .. ., S, then inequality (5.6) will be satisfied for any s=1,2, ..., S.
The proof of Theorem 4 also follows directly from the chain of inequalities

lz(s + 1)|[2 < llV(s +1)< ll(V(s) +1TV(s) + V(s)) <
1 1

1 17
< 57 1(8py(5) + 218 (N le()I” + TV (s) S 0’ + (1 - o)e” = €7
1 1
In the case when gy = const,

P=pld ph=0, phi,=8 phi, =00 TN =KL phin =0y
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X2

i CE0 PO~ %
P* (xy, x,)

Fig. 1.

the expression g, takes the form
~ 0 0
28,0 = 88 +21py), O =1,2,.. ,m+r

and the following assertion is found to hold.

Theorem 5. [f the initial values q6 and g 6 satisfy condition (5.5), 2(0)=zo, V(s) < (1 — a)l1&%, and the restrictions

20 |2()I* < g4y (9)2°(9)27(5),  Bpy2” ()27 () <l lz(s)])

28y = 8pe(8; +21p7)

are satisfied for all s=0, 1, .. ., S, then inequality (5.6) will be satisfied for any s=1,2, ..., S.
In fact, suppose condition (5.6) holds for a certain value of s. Then,

lz(s + D] < llV(s +1) = ll(V(s) +TV(s) + V(s)) <
1 1

1 -
< éﬁgﬁé(&% + ZTps(s))ZBZ'Y + ZV(s) < (l82 +(1- (X)Ez - 82

6. Example. Control of an element of an adaptive optical system

An element of a discrete adaptive optical system’ can be constructed with a mechanism consisting of a weightless
crank OA which rotates about the Ox3 axis and a slider B which is attached to it (Fig. 1). The position of the slider B
is defined by the polar coordinates ¢! =r, ¢* = ¢. The point P*(x{, x2): x1 =x1(f), x2 = x2(7), from which a ray of light
emerges and is directed onto a mirror attached to the surface of the slider B, moves in the Qxjx, plane. It is required
to determine the magnitude F of the reaction F of the constraint

r—R =0, R = const 6.1)

and the expression for the moment M applied to the crank for which the ray reflected from the mirror is incident at a
fixed point C(c, 0) of the Ox1x; plane. The aim of the control is determined by the constraint equation

x(t)(2cos@—-R/c)-R =0 (6.2)

where x(7) is the value of the coordinate of the point P of the intersection of the line BP" with the Ox; axis.
The slider B is treated as a point mass on which a gravitational force mg, in the opposite direction to the Ox; axis,
acts. The excess variables y!, y?, 3! and y? are defined by the relations

y' =r-R, ¥y = x(t)(2cos¢—R/c)—R (6.3)

.1
y

F 3 = 2(1)(2cos@ - R/c) - 2x(1)psing (6.4)
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In the case of the system considered
27° = m(#* +r7¢"), 2P° = mgrsing, D’ =0
Putting
0 1.2 .22 0 2,2 22,2
2T =2T +(y ) +(y"), 2P =2P +k(y"), 2D =b(y"); k,b = const

the dynamic equations, corresponding to the mathematical model, can be represented by the system of differential
equations

mr = mrq')z—mgsin(p+F, mrz('[i = —m(2rr + grcos@) + M (6.5)
§l=0, 5= -by' -k’ (6:6)

The expressions for the magnitude of the reactive force and the control moment on the right-hand sides of Eq. (6.5)
are given by the equalities

F = klaaf 2 af = AL = %f Y ai(: = —2X,x(t)sin@ ©6.7)
fl'=r-R, f=x(t)(2cos@—Ric)-R

If
r(0) = R = const, 7(0) =0

it follows from equality (6.3) and the first equation of (6.6) that y'(1)=0 and r(r) = R. It then follows from Eq. (6.5) and
the first equality of (6.7) that

A, = m(gsinQ - R(bz)

and the second equation of (6.6) takes the form

2A,x(t
i{; = -I%cosq) 2x( )

sing 6.8)

It remains to determine the multiplier \». To do this, it suffices to differentiate the second equation of (6.4), taking
account of the second equation of (6.6), Egs. (6.8) and expressions (6.3) and (6.4). We have

L = mRL(, @, t)
2= 2 .2
4x7(¢)sin” @

L(§, 9, 1) = L(¢, )" +1,(9. )P + [(@, 1)
L (@, 1) = 2Rx(t)cos®, [,(9,1) = 2R(2x(t) + bx(t))sin® (6.9)
lo(@, 1) = R(R/c—2cos@)(X(t) + bx(t) + kx(t)) — gx(t)sin2¢ + kR’

Substituting expression (6.9) into Eq. (6.8) we obtain an equation in ¢

N = _ L((b’(pat) _5
? = " 3Rx(n)sing R? (6.10)

If the initial conditions ¢(0) = ¢ and ¢o(0) = ¢q are chosen such that

0, = arccos(R(1 x(IO))) ¢ = ;%;E—“gm)
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then the function
y = x(t)(2cos@ - R/c)—R, y=y’ 6.11)

keeps the constant value y =0 in the corresponding solution of Eq. (6.10). It follows from the second equation of (6.6)

that its trivial solution y=0 is asymptotically stable if »>0 and k> 0. It remains to determine the magnitude of the

coefficients b and & in order to ensure stabilization of the constraint (6.2) during the numerical solution of Eq. (6.10).
A numerical experiment was carried out using the following data

R=34641, c=3, m=1, @,=04685 @,=-0.005 x(f)=2c+05cost1
o(s+1) = @o(s) +TP(s), T = const

. _ - T(L(P(s), 9(s), 5)
Pts+1) = ¢ls) - ( 2x(s)sino(s)

? + gcosq)(s))

Suppose that, when ¢ =s, the deviations of the solutions of Eq. (6.10) from the manifold prescribed by the constraint
Eq. (6.2) are estimated by the quantity

Izl = Y2+ 2= 3y ¥ =3 |z = 0.0412

If the function

V(s) = 3y°(s) +4y(s)y'(s) + 3y°(s), y(s) = x(s)(2cos@(s) - R/c) — R

is used as an estimate for |[|z(s)||, then /; =1 and I, =5, and the equality V(s) = —pV(s) is satisfied when p=b = —4/3,
k=-—1.
We now expand the functions V(s + 1) in series
V(s+1) = V() + V,()Ay(s) + Vy()Ay'(s) + V()

Then,
V(s+1) = (1-1p)V(s)+ V(s) 6.12)
It follows from expression (6.15) that the inequality V(s + 1) < V(s) is satisfied if 0 < o < pt < 1, V(s) < aly||zo |2.
By putting V(s) = (12 /2)W (s) and taking only second-order terms in T into account in expression (6.15), the estimate

W(s) <225 can be obtained. Calculations carried out in accordance with Theorem 3 yield the following conditions for
choosing the magnitude of T

1,<1<1,, T, = 0750, T, = 0.0027.20

0.0450
[

0.0225

0 6.5 t 13.0
Fig. 2.
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The condition 71 <7 <7, is satisfied if 0 <« <2.682 x 107>, and 71 =0.1999 x 107> and 7, =0.6233 x 1073 correspond
to the value o =0.2665 x 107>. The inequality ||zo|| < £+/T1 /12 enables us to determine the restriction on the quantity
g:£>9.213 x 1072

Graphs of the functions x =x(£), ¢ = (f) and ||z(?)|| = /y*(t) + *(¢) for =2 x 1073 are shown in Fig. 2.
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